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The Free Energy of a Class of Hopfield Models

M. Shcherbina' and B. Tirozzi’
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We show that in the limit p — 00, N - o0, a= p/N — 0 the limit free energy of
the Hopfield model equals in probability the Curie—Weiss free energy. We prove
also that the free energy of the Hopfield model is self-averaging for any finite o.
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1. INTRODUCTION
Consider the model of the form (the Hopfield model ")

HNZ -

IS

% J;S:S; (1.1)
i%J
where
1 14
Jij:_]\—fﬂgl 194

and S,,.., Sy are Ising spins S;,= +1 and &% are independent random
variables. This model, which was proposed as a model of associative
memory in the neural network theory,'* has many features of the
spin-glass model with very interesting properties (see ref. 5 and references
therein). The most interesting case is when the number of random vectors
is proportional to N:

%—>a>o (N - o) (12)
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in this case the model has a spin-glass phase which disturbs the retrieval
property.!? While many physics papers are devoted to the analysis of the
Hopfield model in the case (1.2) (see, e.g., ref. 5), unfortunately, few of
them are rigorous mathematically. The main part of the rigorous results is
concerned with the Hopfield model in the case

%»0 (N = o0) (13)

The case of p independent of N was studied in refs. 6-9. The case p~In N
was considered in ref. 10.

All these versions of the Hopfield model have, in the thermodynamic
limit, a free energy which coincides in probability with that of the
Curie—Weiss model [i.e., the model (1.1) with p=1].

In the present paper we consider the free energy of the model (1.1) in
the limit with the constraint (1.3). We hope that this will be the first step
to obtaining an expansion in the parameter a for the free energy of the
model (1.1). In Section 2 we give the main definitions and results, which
are proven in Section 3; in Section 4 we give some auxiliary lemmas.

2. DEFINITIONS AND RESULTS
We will use other Hamiltonians besides the one defined in (1.1):

Hy)=Hy— NP ¥ 3 &5, 1)

u=1 i=1
NZ (1Y 2
WWG=Mﬂ+—Z<—Z€Wrﬂ)
22 \No

- - ‘Z <c#+%> P éi-‘s,.+§ i (c”)2+§ (22)

=1

where y=(y%,..,77), ¢=(c',.,c?), and y* are independent Gaussian
random variables with zero mean and variance 1. The ¢* are some real
numbers and ¢ is a given parameter. £ will denote the expectation with
respect to the random variables (y, &%, i=1,., N, pu=1,., p) and we will
use the symbols -} and (-4, for the expectations with respect to the
Gibbs distribution of the N-spin system generated by the Hamiltonians H
and H(y), respectively.
Let us introduce also the free energy of the N-spin system:

folHy)=——=In Y e P™ (2.3)
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and the real function
2

= —%Ianosh ﬁc+% (2.4)

We will consider also the overlap parameters, which are the typical order
parameters of the neural networks:

mt =

IIMz

1
N, f,-<S,->, p=1.,p (2.5)

We will say that the function ¢,(¢), E=¢4, i=1,.., N, u=1,., p, has
the self-averaging property (s.a.) if

Jim E($n(&) — E(¢n(£))* =0 (2.6)

The first result is as follows.
Theorem 1. f,(Hy)is s.a.

The s.a. property of the free energy of the spin glass has been shown
in ref. 11 and we will prove it in the case of the Hopfield model using the
ideas of refs. 11 and 13. The main result is the following theorem.

Theorem 2. The free energy of the model (1.1) converges in
probability to the free energy of the Curie—Weiss theory:

lim fy(H)=min f*(c) (2.7)
N— o c
under the condition (1.3).

3. PROOFS

Proof of Theorem 7. Let %, be the X-algebras generated by the sets
(E| &)l 7 fixed),""1%17) and let Fy be the conditional expectation of
F,, with respect to %#:

1!«“,’;.:}3(—%1112,V

1
%{)EE<;C(~‘B'II]ZN> (3.1)
where E_, is defined by

E= ) [IPEH (3.2)

gl r wi
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From the definition we have

1
B B
It is also evident that
Fk if k>1
klF)={ " 34

We define also
Pk=Fk —Fk+!
Then

1 N
IvmBf=5 L ¥

and

1 ¥ 2 X
E(fN—E(fN))2=W ) E'I’E‘F‘A‘, Y E¥.Y, (3.3)
k=1

k<{
Using the properties of the conditional expectation, we have (k </)
EV, W= E(E(¥ ¥,| #))=E(¥Y E(¥, | #))

But
EY | F)=EFN—Fit | F)=Fy—F,=0

Thus, in order to obtain the result, it is enough to show that
E¥i<C

where C is a constant not depending on k.
Let us define the following useful Hamiltonians:

z Y eSS, (3.6)
u L E#E T zj;ék
1
R,= _Nz Z éii?‘SkS: (3-7)
u Ik

Flk(t)=Hk+tRk

Jn)= —% {ln Zy(A (1)~ 1n Zy(H,(0))}

H()=H
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We have
Vi=E o fu) = Ecicii Jil1)
E{¥}} <2E{(f(1))*}
But since f,(0)=0 and

d* ~
Effk(t)go
then
<N D Zé”éﬂsksl> _ Ry <TUD < Tty
I#k pu
Therefore

E{(f(1))*} S E{(J(1)')*} + E{(f:(0)")*}

<E{< Y JuduSiSa) |
h,h#k
rB{ 3T aenassom) 68)

bk piu

In order to estimate the first term on the r.h.s. of this formula let us
use the fact that H is symmetrical with respect to all indexes and therefore

1
{< Z Jklle12S11SIz> }:E{ Z NthJklz<S11Slz>H}
l,h#k bk

R 1
<E{|J] }<4+0(ﬁ>

Here we use also Lemma 4.2. Since H(0) is independent on &% the
second term in the r.h.s. of (3.8) can be estimated as

+—E~{Z 2 & 2<Shslz>m0)}<a2+E{uJ1|}

I, u
<oc2+2+0<l
h N

Theorem 1 is proven.
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Proof of Theorem 2. From the result of Theorem 1 it is sufficient to
find the limit of E(fy). By using the Bogolubov inequality, we obtain,
calling f(H(y, c)) and f(H(y)) the free energy of the Hamiltonians (2.1)
and (2.2), respectively,

0<E(f(H(v, ¢))) — E(f(H(Y)))

(S (ks eas—e)) )
<z E = £S;—c*
2 (,él <<N,-=1 ‘ > >Hm

and thus, choosing the ¢* equal to the overlaps

1 N
m”=Ni§1 €¢<Si>H(y)
one gets

0< E(min f(H(y, ¢))) — E(/(H(1)))

<2N2<Z > (S~ <50 oS- <S>Hm)>m )) (39)

u=1ij=1

On the other hand, from the formula of integration by parts it follows that

7 5 E(7 %8S u)

Mz

_Ps
—NZ Z E(,',

n=1

: EHEE(S,— (8D (S, — <Sj>H(7))>H(Y)>

j=1

Inserting in (3.9) and using Schwartz’s inequality, we have

0< E(min f(H*(y, €))) = E(f(H(1)))

P N 1/2
E Z Z ELEE<SD en <S5 >Hm] (3.10)
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The last factor in (3.10) can be written as

M=

TS reyy S50 ey S M

1

1
N,

[

j
and can be bounded on the basis of Lemma 4.2.
Therefore on the basis of (3.10) we get

0< E(min f(H"(y, ¢))) — E(f(H(v)) < const(p/N)"?

Let us denote by H“(0, ¢) the Hamiltonian H4(y, ¢) with ¢=0; then we
have

0< E(min f(H*(0, ¢))) — E(/(H(r)))

< E(min f(H*(y, ))) — E(f(H(Y)))

fi-‘<5i>Ha(o,c)>

(3.11)

Now it is easy to estimate the expressions

1 2 N
’E<‘A’[‘3ﬁ Z A Z 55’1<Si>H“(0,c),H>
p=1 i=1

in the right-hand side of (3.11) in the same way as in (3.10). Then we have
proved the following fact:

lim E(f(H))= lim E(min f(H*(0,c}))
N> w N— ce R?
It is easy to see that

lim E(min f(H*(0,¢)))

N — o ceR?P

< lim E( min )f(H’f(O,c)))=migf*(c):f*(c*) (3.12)

N—ow  c¢=(cl,0,.,0

where c* is the point at which f* gets its global minimum. Now we will
show that

Nlim E(miRnpf(H“(O, C)))?migf*(c) (3.13)
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To this aim we use the method developed in ref. 8. Let us note first that,
for finite N, f(H(0,¢))— o0 if 37_, (c*)* - oo and that therefore the
function f(H*(0, ¢)) takes its minimum value at some critical point which
satisfies the equations

1 N
"= X €8 o (3.14)

Let C be the set of all such points. Then

E(min f(H(0,¢)))
T 1 X 4 1 2
=E<rcrl11cl I E—Vg‘ n2coshﬂ<ﬂ§ ”c“>+;§1 (c”)2]>
'1 N N
= E(min| = : ney
(a5 2003 £ ey z o]
L1 oy
=E<rcrlncl LX’E‘ (h)——z duvcc]>
N
> (min| 5 % 74011 £ @) (15)

where h;=3%_, &fc* and the matrix o/ is defined in Lemma 4.1. But, for
ceC,

1 N
(C”)ZZN Z Jij<Si>H"(0,c) <Sj>Ha(0,c)< (A

1 i,j=1

=
i D

Therefore (3.15) gives
E(min f(H(0, ©))) > min f*(h) = E'2(1J]1?) V(1)

and by the use of Lemmas 4.1 and 4.2 we obtain (3.13).

4. AUXILIARY RESULTS

Lemma 4.1. Let &/, be defined by the formula

1 N
%v:(l_éuv)-ﬁ z ‘:;‘ér (u,V:l,u-, p)
i=1
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and let p/N - o >0 (p, N> o0), then, for any ¢ >0,
Prob(|«&/| > (ot +2 \/&)(1 +e&))<exp [— 4_.(-;;{“—\/-&—)84/3(2p)2/3]
E(|L|?)<da+o(@)  (x—0)

Proof. Let us define the sequence of numbers 4, by the relations

g = 1
1

a, = ~Tr |

E (p T w) o
1
=pN” Z E(EmEmmgn . plnglny
PRy Toe § oy
Since
EEH =0

we have nonzero terms in the last sum only if for some k=2, i, =i, and
U=y Or ip=1i; and g, = u,. In addition, all the terms in this sums are
positive and therefore if we take into account some of them more than once
the sum will increase. So for n> 3

G< Y =5 N EEEA) EREA T )
k=0P 1 F p2, ) F 3

+ éﬁlfﬁz(ﬂk)uzm fﬁafﬁ(&/ﬂfk—z)mm)
v 1 1 k k+1 n—k—2
<k§0 ]_V—(anv2+an-1)+E -N—pTr(M +.5 ) Tr o (4.2)

But since for [, k=1,
1 k !

lk v gl
<o L EGRES D SR )

1 F# V2, 12 7 B 1

Ik
<;ﬁal+k“1 (4.3)
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on the basis of (4.2) we have

n—2 n—1
anga 2 akan-k—z"l'a 2 akan——k—l

k=0 k=1

3

n n
+ Xr(an—2+an\1)+ﬁj(an~2+an\3)

n—2 n—2 n
=0 Z Qrl, 2t Z akan_,k_l'i"dn_l(ﬁxao‘*“N)

k=1 k=3
n n n?
+a,_ - aa0+ﬁ+ﬁ +a,_, aa2+ﬁg (44)

and if n®/N? <a’¢/2 [that is, n< («®>N?¢/2)'*], then taking into account
that a, =1, a,=0, a, =0, we get from (4.4)

n—2 n—2
a,sa Z [ S R z Aply 1
k=1 k=3
+ (a,_,00+ a,_rap+a,_sa)a(l+¢) (4.5)

Now let us define the sequence a¥ by the initial conditions
af =1, af=0, af=a(l+s) (4.6)

and the recurrence formula
n—2 n—1
a;“=ot(1+6)(z afa¥ , o+ Y a;cka;ka1> (4.7)
k=0 k=1

Since from the initial conditions (4.6) it follows that
40,1,2Sa3 12

then on the basis of (4.5) and (4.7) by induction it is easy to obtain for
n< (a?NZ%g/2)"? that
a,<af (4.8)

n

On the other hand, if we define ¢(x) as

p(x)= 3 akx" (4.9)
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then from formulas (4.6) and (4.7) it follows that ¢(x) satisfies the equation
o(x)=a(l +&)(x + x?) p(x)*> —xa(1+¢) p(x) + 1

by resolving the quadratic equation for ¢{x) and choosing the minus sign
in front of the square root in order to satisfy the condition @(0)=af =1,
we get

=cx(1 +e)x+ 11— {[a(l +&)x+ 17> —4da(l +&)(x + x?) } 72

o(x) 20(1 +&)(x + x?)

since the singularity in x =0 can be removed, this function is analytic for
0<x<{a(l+e)+2[a(1+¢€)]¥*} %, then it is uniformly bounded in this
region and we get

o(x)= 3 afx"
n=0

1
Se <a(1 o)+ 2l +g)]1/2>

2+ [a(1+6)]"?
T4 [a(t+e)]?

and since a* >0, then we get, for n < (aN%/2)"?,
a*<2{a(l+e)+2[a(l +&)]"?}" (4.10)

But on the other hand
pa, > E(|#)") = [ A" dP(3)

> (a+2 /o) (1+8) P((a+2 J2)(1+¢)) (4.11)
where P(1)=Prob(||s/| > 4). Therefore (4.10) and (4.11) give
Prob(||.« || > (2 +2 /a)(1 +¢))
< <ac(1 +e)+2[a(l+ 6)]‘/2>‘°‘2N2*’/2)”3
(a+2 /)1 +¢)

\/o_t 84/3(2p)2/3>
4o +2 /)

E(|/)?)<4a+o(@)  (x—0)

<exp<—
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Lemma 4.2. If J, is defined by the formula (1.1) and p/N -« >0

(N, p — o0), then
Prob([J]| > (1 + /@) + 1) <exp[ — M1 *(2N)**]

where .# and u depend only on a.

Proof. Lemma 4.2 follows from Lemma 4.1 if we observe that

J=ol+od

where .7 is of the same form as & with =N and N = p and
G=p/N=1/ux

Since ol + ool || <o+ |||, we have

Prob(|la + oo | <o+ a(d + 28">)(1 +¢))
> Prob(||. | < (a+2a"2)(1+¢))
=1—Prob(||7|| = (& +2&"*)(1 +¢))

On the other hand

Prob(||af + o | < o + (@ + 28*)(1 +¢))
=1—Prob(||of + || > a + (& + 28"*)(1 + &)

Therefore from (4.12) and (4.13) we obtain

Prob(|lof + o | = o + (& + 28Y2)(1 + &)
< Prob(|| | = (&4 26"%)(1 +¢))
&1/284/3(2ﬁ)2/3
< - - =
exp [ 4G +2a7) ]

=exp [_ _\/& 34/3(2N)2/3]
4(1+2 /)

Finally, if s =¢(1+2 \/;), then

3 \/&’14/3(2]\/)2/3]

Prob(nJu>(1+ﬁ)2+")<e"p[ H14+2/2)"

(4.12)

(4.13)
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Remark. We have formulated Lemma 4.2 for o > 0, but since J 1s the
sum of p projectors, then ||J]| is an increasing function of « and in the case
p/N — 0 we can use, e.g., the inequality

Prob(|J|| > 2) < exp(—.#N??)

where .# does not depend on N, p and since ||/|| < p, we have

(1) =] 22 apa)<a+ [ i2ap)

<4+ pPexp(— MN*?)

Note Added. When this paper was finished we received a preprint
by H. Koch®® where our result is obtained in a different manner.
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